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Abstract. We review the relation between compact asymptotic spectral measures and certain 
positive asymptotic morphism on locally compact spaces via asymptotic Riesz representation theorem, 
as introduced by Martinez and Trout [3]. Applications to this theorem shall be discus. 



tJQi 1 Introduction 
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In [3], Martinez and Trout introduced the positive asymptotic morphism, defined 
as: 

A positive asymptotic morphism from a C* - algebra A to a C* - algebra B is a 
family of maps {Qh}he(oi} • ^ ~ * ^> parameterized by h 6 (0,1] , such that the 
following hold: 

1. Each Qh is a positive linear map; 

2. The map h i-> Qh (/) : (0, 1] — > B (H) is continuous for each / € A; 

3. For all /, g € A we have 

Vim\\Q h (fg)-Q h (f)Q h (g)\\ = 0. 

Also, Martinez and Trout introduced the concept of an asymptotic spectral 
measure {Ah} he r -n : E — > B(H) associated to a measurable space (X, E) (Definition 
3.1). Roughly, an asymptotic spectral measure {Ah} he ^ ^ : E — >■ B(H) is a continuous 
family of positive operator-valued measures which has the property: 



/i-s-0 



A (Aif|A ) -A(Ai)^(A 2 



0. 



for each A i, A 2 € E. 

Let X be a locally compact Hausdorff topological space with Borel C*-algebra 
Ex and let Cx C Ex denote the collection of all pre-compact open subsets of X. 
Let Cq(X) denote the C* - algebra of all continuous functions which vanish at 
infinity on X. Define B (X) to be the C* - subalgebra of B b (X) (C* - algebra of 
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all bounded Borel functions on X) generated by {xu \ U G Cjf}, where xu denotes 
the characteristic function of U C X . 

Let H be a separable Hilbert space, B (H) be the C* - algebra of all bounded 
linear operators on H and B denote a hereditary C* - algebra of B (H). 

The asymptotic Riesz representation theorem, formulated by Martinez and Trout 
[3], gives a bijective correspondence between positive asymptotic morphisms {Qh}^ u 
B (X) -> B(H), having property Q h (C (X)) C B for any h G (0,1], and 
asymptotic spectral measures {Ah} h€ ( y : x — > B(H), having property A^iCx) C 
B for any h € (0, 1] . This correspondence is given by 



for any /g5 (X) . (Teorema 4.2. [3]) 

In this paper, we study some applications of this theorem. 

2 Positive Asymptotic Morphisms 

In this section we review the basic definitions and properties of positive asymptotic 
morphisms. 

Let A and B be two C* - algebras. An linear operator Q : A — > B is positive if 
Q(f) > for any / > 0. 

Definition 1. A positive asymptotic morphism from a C* - algebra A to a C* - 
algebra B is a family of maps {Qh}h & (o l] • ^ — ^ B, parameterized by h € (0, 1] , 
such that the following hold: 

1. Each Qh is a positive linear map; 

2. The map h h-> Qh (f) : (0, 1] — > B (H) is continuous for each / € A; 

3. For all f, g € A we have 




}im\\Q h (fg)-Qh(f)Qh(g)\\ = o. 



(Definition 2.1. [3]) 

Definition 2. Two positive asymptotic morphisms {Qh} , {Ph} 
called asymptotically equivalent if for all f £ A we have that 



he (o,i] 



: A —¥ B are 



lim\\Q h (f)-P h (f)\\ =0. 



(Definition 2.2. [3]) 
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Remark 3. The asymptotic equivalence relation of two positive asymptotic morphisms 
is symmetric, reflexive and transitive. 

Let H be a separable Hilbert space and B (H) be the C* - algebra of all bounded 
linear operators on H . Let X be a set equipped with a C*-algebra Ex of measurable 
sets and let Cx C £x denote the collection of all pre-compact open subsets of X. 
Define Bq(X) to be the C* - subalgebra of Bf,(X) (C* - algebra of all bounded Borel 
functions on X) generated by {xu \ U £ Cx}, where xu denotes the characteristic 
function of U C X. If X is also a - compact, then let Cq(X) be the set of all 
continuous functions which vanish at infinity on X. 
We call support of a morphism Q : Cq(X)— > B {H) the set 

supp (Q) = n { F C X\ F closed and Q (/) = 0, V/ cu supp( f) C X\F} . 

A morphism Q : Cq(X) — > B (H) will be said to have compact support if there is a 
compact subset K of X such that supp(Q) C K. 

Definition 4. A positive asymptotic morphism {Qh}h^(oi] '■ Bb(X) — > B (H) 
will be said to have compact support if there is a compact subset K of X such that 
supp(Q h ) Cf,Vlie (0,1]. 

Definition 5. Let {Qh}^^ i] : B^{X) — > B (H) be a positive asymptotic morphism. 
The support of {Qh} is defined as the set 

supp ({Q h }) = n j F closed \ lim \\Q h (f)\\ =0, V/ € B b (X) with supp (/) Pi F = 

[ h— >0 1 1 

Remark 6. 1. supp({Q h }) C LU e (o,l] su PP(Qh)- 

2. If {Qh} has compact support supp({Qh}) is a compact set. 

Theorem 7. Let {Qh}he(oi] ■ -^oPO ~~ * B (H) be a positive asymptotic morphism 
such that limh^o\\Qh(^) — I\\ =0. Then 

Sp({Q h (f)})Qf(supp({Q h })), 

for any f G B (X). 

Proof. Let / G B (X) and A $ f(supp ({Q h }). Then X-f(x) / 0, Vx G supp ({Q h })- 
Thus there is a an open set G D supp({Qh}) such that A — f(x) ^ 0, Vx G G. 
Therefore, the application x i — > l/(f (x) — A) G C(G). 
Let g G B (X) such that g( x ) = l/(f (x) - A), Vx G G. Then 
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g(x) (f(x)-X) = (f(x)-X)g(x) = l, 

Vx G G. Taking into account the above relation and since lim^o \\Qh (1) — I|| = 0, 
it follows that 

Vim \\Q h (g)(X-Q h (f))-I\\ = 

h-s>0 

lim \\Q h (g) (A - Q h (/)) - Q h (g) Q h (A - /) + Q h (g) Q h (A - /) - Q h (g(X - /)) + 

h— >0 

Qh G?(A -/))- Q/, (1) + Qh (1) - 1|| < 

< lim ||Q ft (g) (A - Q fe (/)) - Q h (g) Q h (A - /)|| + 
h-»0 

+ lim ||Q„ (</) Q h (A - /) - Q h (g(A - /))|| + 
+ lim\\Q h (g(X-f))-Q h (l)\\ + lim ||Q fc (1) - J|| =0. 

h->0 h^O 

Analogously lim^o ||(A - Q h (/)) Q h (g) - I\\ = 0. Therefore A € r({Q h (/)}). 
We have showed that 

Sp ({Q h (/)}) C / (supp ({Q h })) , V/ G B (X). 

□ 

Corollary 8. Let {Qhj^g^ l] • -^o(C) — > B (H) be a positive asymptotic morphism 
such that limh->o\\Qh (1) — I\\ = 0. Then 

Sp({Q h (z)})Osupp({Q h }). 
Proof. We take in Theorem 7 / = z, where z represents the identity application. 

□ 

3 Asymptotic Spectral Measures 

Let (X, X) be a measurable space and H a separable Hilbert space. Let e C T, 
be a fix collection of measurable sets. 

Definition 9. A positive operator-valued measure on the measurable space (X, 
is a mapping A : X — >■ B(H) which satisfies the following properties: 

1. A (0) = 0; 

2. A (A) > 0, VA G X; 

3- A (U^=i An) = E^=i ^(An), /or disjoint measurable sets (A„)^ =1 C X, where 
the series converges in weak operator topology. 
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Definition 10. An asymptotic spectral measure on (X, S, e) is a family of maps 



i A h} h 



e (0,1] 



£ — >• B{H), parameterized by h £ (0, 1] , suc/i the following hold: 



i) Each Ah is a positive operator-valued measure; 

ii) Um h ^ \\A h (X)\\ < 1 ; 

Hi) The map h ^ Ah (A) : (0, 1] — > B(H) is continuous, for any A € e; 
iv) For each Ai, A2 & e we have 



Urn 



A h (Aif|A ) - A h (A 1 )A h (A 2 ) 



0. 



T/ie triple (X, T,, e) will be called asymptotic measure space. 

If e = E, then {Ah} will be called total (full) asymptotic spectral measure on (X, T,). 
If each Ah is normalized, i.e. Ah(X) = In, then {Ah\ will be called normalized. 
(Definition 3.1. [3]) 

// limft_5.o ||j4fc(X) — Ih\\ = 0, then {Ah} will be called asymptotically normalized. 



Definition 11. Two asymptotic spectral measures {Ah}, {Bh}h<=(o 1] ' ^ ~~ ^ B(H) 
on (X, £ ) are said to be (asymptotically) equivalent if for each measurable set Age, 
we have 



lim\\A h {A)-B h (A)\\ =0. 

(Definition 2.2 [3]) 

Let X denote a locally compact Hausedorff topological space with Borel a—algebraT,. 

Definition 12. Let A be a Borel positive operator-valued measure on X. The cospectrum 
of A is defined as the set 

cospec(A) = \J{UcX\U is open and A (U) = 0} . 
The spectrum of A is the complement, i.e. 



spec(A) = X\cospec(A). 



Definition 13. Let A be a Borel positive operator-valued measure on X. A is said 
to be compact if spec {A) is a compact subset of X. 

Theorem 14. Let A be a Borel positive operator-valued measure on X. Then 

A(spec (A)) = A(X). 



(Theorem 23 [5]) 
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Definition 15. An asymptotic spectral measure {Ah} on X will have compact support 
if there is a compact subset K of X such that spec(Ah) C K,\/h 6 (0, 1]. (Definition 
3.4 [3]) 

Remark 16. i) If {Ah} has compact, then Ah has compact support, V/i € (0,1]; 
ii) If {Ah} has compact support, then 

A h (spec(A h )) = A h (K) = A h (X),Vh € (0, 1] . 

Definition 17. Let {Ah}h£[oi] '■ — * B(H) be an asymptotic spectral measure. 
The cospectrum of {Ah} is defined as the set 

cospec({Ah}) = I I s a C X\a open and Urn II Aft (a) II = 
w [ /i-»0 

The spectrum of {Ah} is the complement of cospec({Ah} ) , i.e. 

spec({A h }) = X\cospec({A h }). 

Remark 18. i) spec({A h }) C Ufte(o,i] s P ec i A h) a^DftG(o,i] cospec{A h ) C cospec({A h }. 
ii) If {Ah} has compact support, then spec({Ah}) is also a compact set. 

Proof, i) Let a C (~)he(o l] cospec(Ah) be an open set. Thus Ah (a) = 0, V/i € (0, 1] 
and 



Therefore 



limPft(a)|| =0. 

ft->0 



aC cospec({Ah}),Va C O cospec(Ah 

he(0,i) 



It results 



P| cospec(Ah) C cospec({A h } ) 
fte(o,i] 

and, taking the complement we have 

spec({A h })C [J spec(Ah). 

he(o,i] 

ii) Let {Ah} be a compact set. Thus there is a compact subset K of X such that 
spec (^) C K, Vh E (0,1]. 
By i), it follows 
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spec({A h }) C |J spec(A h ) C K. 
/ie(o,i] 

□ 

Lemma 19. Lei {A/j} hg ^ 1] : ~~ ^ B(H) be an asymptotic spectral measure. Then 

lim\\A h {K)\\ =0, 
/or eac/i compact subset K of cospec({Ah}) . 

Proof. Let K be a compact subset of cospec( {Ah} )■ Thus each element of if belongs 
to an open set a having property lim^o ||Afc(a)|| = 0. Since K is a compact set, 
hence there is a family of open set (ai)" C X such that K C ai (J • • • (J a n . Therefore 

A (if) <A(a 1 ) + --- + A(a n ) = 

and 



Urn || A h (if) || < lim ||A h (oi)|| + • • • + Urn || A h (a n )\\ =0 

h-*0 h^O h-tO 



Proposition 20. Let {^h}he{oi} '■ ^ x ~ * B(H) be an asymptotic spectral 
Then 

lim h -+o\\Ah(X)\\ = lim h -+o \\A h (spec ({A h }))\\ . 
Proof. We show that 

lim \\A h (cospec({A h }))\\ = 0. 

h— >0 

Let K be a compact subset of cospec( {Ah} ). By Lemma 19, it follows that 

lim || A h (K) || = 0. 

Since Ah is regular, for any h £ (0, 1] , by above relation, it results that 

lim \\A h (cospec({A h }))\\ = 0. 

h— s-0 

Since 

spec ({A h }) = X\cospec ({A h }) , 

we have that 

Em^oPfcPQII =lim h _> || A h (spec {{A h })) + A h [cospec {{A h })) \\ < 



□ 



measure. 
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<]xm h ^ \\A h (spec({A h }))\\ + lim h ^o\\ A h (cospec({A h }))\\ = 
= lim h ^ \\A h (spec({A h }))\\ . 

In addition, we have that 

lim^o \\Ah(spec({A h }))\\ = 
= lim^o \\Ah (spec({A h })) + A h (cospec {{A h })) - A h (cospec ({Ah})) \\ < 
< lim h ^o \\A h (cospec({A h }))\\ +lim ft _ ) . \\A h (cospec {{A h })) + A h (spec({A h }))\\ < 

<h^ h ^ \\A h (X)\\ . 
From two preceding relations, it follows that 

lim/wo || A/, (X) || =]im h -x S \\A h (spec({A h }))\\ . 

□ 

Theorem 21. Let {Ah}, {Bh}he(o,i\ : ^ x ~~ ^ B(H) be two asymptotic spectral 
measures. If {Ah}, {Bh} ar & asymptotically equivalent, then 

spec({A h }) = spec{{B h }) . 
Proof. Let be an open set a C cospec ({Ah}). Thus 

lim ||A(a)|| = 0. 
Since {Ah} , {-Bh} are asymptotically equivalent, it results that 

lim \\A h (a)-B h (a)\\ = 0. 
By two preceding relations, we have that 

lim \\B h (a)\\ = lim \\A h (a)\\ = 0. 
Thus a C cospec({Bh}), Va C cospec({Ah}) open. Therefore 

spec({B h }) C spec ({A h }) . 

Reciprocal: Analog. 

□ 

Remark 22. Let {Ah}, {Bh} be two asymptotic spectral measures on (X, Ej. If 
{Ah}, {Bh} are asymptotically equivalent, then {Ah} has compact support if and 
only if {Bh} has compact support. 
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Proof. By preceding Proposition, for each compact subset K of X, we have spec ({Ah}) C 
K if and only if spec ({B^}) C K. 

□ 

Proposition 23. Let {Ah} be a full asymptotic spectral measure on (X, B), where 
B is the a - algebra of Borel subsets of X, and a £ B. Then {Af t } : B —¥ B(H), 
parameterized by h £ (0, 1] , given by 

A\ (b) = A h (a n b), V6 £ Band V/i £ (0, 1] , 
is an asymptotic spectral measure. 
Proof. By definition of {^}, we have 

Al (0) = 4(an0) = A h (0) = 0, V/i £ (0, 1] 

and 

m\\A a h (X)\\ =m\\A h (anX)\\ = 
= m \\A h {a)\\ <m\\A h {X)\\ <1. 

Let (6 ri ) ngN C B be a family of disjoint sets. Thus (a n b n ) neN C B is also a family 
of disjoint sets. Since Ah is numerable additive, \/h £ (0, 1], it results 



VneN / VneN / 

^A(an6 n ) = ^A^(6 n ),V/i£ (0,1]. 

nGN n€N 



As the map (0, 1] — > B(H) : h — > Ah(a D ft) is continuous V b £ -B, then the map is 
also continuous Vft € B. 
Let &i, &2 £ B. Thus 



lim 



lim 



A h [ b ^f] b 2 ) ~ A h(°i) A h( b - 
A h (a n hf] ftj - A h (a n &i)A h (a n ft 2 

A h ((an h)f](a n b ) ) - ^(a n 6i)A h (a n 6 



lim 



0. 



Therefore, {A^} : B — > B(H) is a full asymptotic spectral measure. 



□ 
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Proposition 24. Let {Ah} be a full asymptotic spectral measure on (X, B) and 
{A%} : B -4 B(H), parameterized by h G (0, 1], given by A a h (b) = A h (a C\b) , V6 G B 
and V/i G (0, 1] . Then 

spec(A a h ) Canspec(A h ),\fh G (0, 1] . 

Proof. Let b be a compact set such that b C C\a. Thus a fl b = 0. By this relation 
we have 

A£ (6) = 4(an6) = A (0) = 0, V/i G (0, 1] , 

hence 

6 C cospec(A£) => C\a C cospec(Al),\/h G (0, 1] 
(by regularity property of measures Ah - Teorema 23 [5]). Therefore 

spec(Al) Co,V/ig (0,1]. 

Let b be a compact set such that b C C\spec(A/j). Thus there is a family of open 
sets (bi) i= Y^ such that 

n 

b C |J bi, h C C\spec(A) =>• A h (bi) = 0. 
i=i 

Since each Ah is additive, we have 

(n \ n 

J&n = ^A /l (&;)=0. 
i=l / i=l 

Taking into account the following relation 

n n 

A a h {b) = A h (an 6) <X)4, (an&i) (6,) = 

i=l i=l 

it results 

6cC\ S pec(^), 

for any compact set b such that 6 C C\spec(Ah). Since each A/j is regular, it follows 
C\spec(A h ) C C\apec(A h ),Vft G (0, 1] . 

Therefore 



spec(A£) C spec(A h ),Vh G (0,1] 



□ 
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Remark 25. If {Ah} is an asymptotic spectral measure having compact support, 
then {A^} is an asymptotic spectral measure having compact support, Va G B. 

Proposition 26. Two full asymptotic spectral measures on (X, B) {Ah}, {Bh} 
are asymptotically equivalent if and only if {Af t } , {Bf t } : B — > B(H), given by 
A a h (b) = A h {a n b) and B^ (b) = B h (a nb), V6 G B , \fh G (0, 1], are asymptotically 
equivalent Va G B. 

Proof. Let a G B be fixed. Since {^U}, {-Bft} are asymptotically equivalent, thus 



lim 



Aft(af|b) -J3 h ( a pb)| = 0,VogB. 



It follows that 



hm||^(b)-^(b)|| =0,Vb£B. 

ft-i>0 

Reciprocal. Since {A^} , {B^} are asymptotically equivalent Va G i? and 

A% (a) = A h (a),B a h (a) = B h (a), 

it results 

lim || A ft (a) -B h (a) 1 1 = 

ft.— 5-0 

= lim |K (a) (a) || =0, Va G 5. 
Therefore, {A^}, {Bh} are asymptotically equivalent. 



□ 



4 Asymptotic Riesz Representation Theorem 

Let X be a locally compact Hausdorff topological space with Borel cr-algebra £x 
and let Cx C Xx denote the collection of all pre-compact open subsets of X. 

Let H be a separable Hilbert space, B (H) be the C* - algebra of all bounded 
linear operators on H and B denote a hereditary C* - algebra of B (H). 

Lemma 27. There is a bijective correspondence between Borel positive operator- 
valued measure A: Sjf — > B(H), having property A(Cx) C B, and positive morphism 
Q : Cq(X) — 7-i?. This correspondence is given by 



Q(f)= [ S{x)dA(x). 
Jx 
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(Lemma 4.1. [3]) 

Let Cq(X) denote the C* - algebra of all continuous functions which vanish at 
infinity on X. Define Bq(X) to be the C* - subalgebra of Bb(X) (C* - algebra of 
all bounded Borel functions on X) generated by {xu\ U G Cx}, where xu denotes 
the characteristic function of U CX 

Proposition 28. If {Ah} he mil • — * B(H) is a compact asymptotic spectral 
measure, then {Ah} verifies property Ah(Cx) C B, V7j G (0,1], where B is the 
hereditary subalgebra generated by {Ah (spec(Af l ))} he r iy 

Proof. By Theorem 14 we have 

Aft (cospec^)) = 0. 

Let a € Cx- Then 

0<4 (afl cospec (A h )) < A h (cospec (A h )) = 



and thus 



0<A h (an spec (A h )) < A h {spec (A h )) . 



Since B is the hereditary subalgebra generated by {Ah (spec (Ah))} h& ±y then 
A h (a) € B. 

□ 

Theorem 29. (Asymptotic Riesz Representation Theorem): There is a bijectiv 
correspondence between positive asymptotic morphisms {Qh}he(oi] '■ ^o(X) — > 
B(H), having property Qh (Co (X)) C B, V/i £ (0,1], and asymptotic spectral 
measures {Ah} he (o i] : ^x B(H), having property Ah(Cx) C B, Vli £ (0,1], 
given by 

Qh (f)= [ f (x) dA h (x), V/ € B (X) . 
Jx 

(Theorem 4.2. [3]) 

5 Application of Asymptotic Riesz Representation Theorem 

Proposition 30. Let {A}f,g(oi] : ^x B(H) be an asymptotic spectral measure, 
as in asymptotic Riesz representation theorem, and {Qh}he(oi] '■ ^o(X) — > B(H) 
the corresponding positive asymptotic morphism. Then the following assertions hold: 



1. {Qh} is unitary if and only if {Ah} is normalized; 
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2. Um h ^ \\A h (X) - I H \\ =0 if and only if lim h ^ ||Qh(l) - Ih\\ = 0; 

3. Let {T h } C B(H). Then lim h ^ \\T h Q h (/) - Q h (/) T h \\ = 0, V/ G B Q (X) if 
and only if lim h ^ \\T h A h (A) - A h (A) T h \\ = 0, VA G E*. 

Proo/. i) {Qh} fc6(0) i] : S (X) 5(F) is unitary if Q ft (l) = I H ,Vh € (0, 1]. Since 

A ft (X) = Q ft (xx) = I Xx(x)dA h {x)= [ dA h {x) = Q h {\)= ^Vfte (0,1], 
it follows that {Ah} h£ , ^ is normalized. 

Reciprocal. Since {^4h} fce ( i] • - > B{H) is normalized, i.e. (X) = 
V/i G (0, 1] , then taking / = 1 we have 

Q h (1) = / dA h {x) = A h (X) = I H ,Vh G (0, 1] . 
Jx 

ii) It results from A h (X) = Q h (l), V/i G (0, 1]. 
hi) Since 

hm \\T h Q h (/) - Q h (f)T h \\ = 0, V/ G S (X) C B (X) , 

h^0 

taking / = XA it follows 



Reciprocal. Since 



lim \\T h A h (A) - A h (A)T h || = 0, VA G S x . 

h->-0 



lim ||T h A h (A) - A h (A)T h || = 0, VA G E x , 

h— ¥0 



and having in view A^ (A) = Qh{XA) it results 

lim ||7),Q h ( X a) - (xa)TX|| = 0, VA G S x . 

Let / G S'o(X). Then there are disjoint sets (Aj)i = x >n such that / = ^i=i a «XA;- 
By above relation, we have 



lim \\T h Q h (f)-Q h (f)T h \\ = lim 

h— s-0 h— s-0 



^ «i (r ft Q ft (xa ; ) - Qh (xa ; ) r ft ) 

1=1 

< y~] lim |ai| \\T h Q h (xa ; ) - (XAi)?X|| < 

' — ' h-s-0 



< 



i=l 
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< y~] \ati\ lim \\T h Q h (xaJ - Qh {x&d T h\\ = 0. 



i=l 



Let / G Bq(X). Then there are functions (/n) ngN C Sq(X) such that / — > f n . By 
preceding relation, we have 



lim \\T h Q h (/) - Q h (f) T h \\ = 0, V/ € #o (X) 

h-)-0 



□ 



Proposition 31. Two asymptotic spectral measures having compact support 
{Ah} , {Bh} he (o l] : ~~ ^ B(H) are asymptotically commutative, 
i.e. lim h ^\\Ah(A l )B h {A 2 )-B h (A 2 )A h {A l )\\ = 0, VAi,A 2 € E x , i/ and only 
if the corresponding positive asymptotic morphisms {Qh} , {Ph}he (o l] : Bq(X) ~~ ^ 
B(H) are asymptotically commutative, 

i.e. lim h ^ Q \\Qh{f)P h {g)-Ph(g)Qh(f)\\ =0,Vf,geB (X). 

Proof. Since Ah (Ai) = QhiXAt) € B(H) and taking into account Proposition 30 
hi), we have 

lim || Q h ( XAl ) P h (g) - Ph (g) Qh (xa 1 )\\ = o, 

VAi G S x and V# € £ (X) . 

Let / G So(X). Then there are disjoint sets (Aj)j = i in such that / = Y^=i a iXAi- 
By above relation, we have 



lim\\Q h (f)P h (g)-P h (g)Q h (f)\\ = 

h— >0 
n 

£ on (Q h (xaJ ^ (5) " (5) Q h (XA,)) 
i=l 

< 52 lim | Oil II (XA;) Pft (5) - -P/i (ff) (XA S ) 



lim 



< 



i=l 
n 



V hi lim \\Q h (xa) P h (g) - P h (g) Qh (xa ; )|| = o. 

* — * ft— >o 



2=1 

Let / G £?o(X). Then there are functions (fn) n eN C SoPO such that / — > f n . By 
preceding relation, we have 

lim ||Q ft (/) P h (g) - P h (g) Qh (/)|| = 0, V/, 5 G 5 6 (X) . 

/l— S-0 



Reciprocal. Since 
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lim \\Q h (/) P h (g) - P h (g) Q h (/)|| = 0, f,g G S (X) C B (X) , 
taking / = XAi and g = XA2 follows 

lim\\A h (A 1 )B h (A 2 )-B h (A 2 )A h (A 1 )\\ = 0, VAi,A 2 GS x . 



□ 



Theorem 32. Two asymptotic spectral measures having compact support are asymptotically 
equivalent if and only if the corresponding positive asymptotic morphisms are asymptotically 
equivalent. 

Proof. Let {Ah} > {Bh}he(o 1] : ^ x ~~ ^ B(H) be two asymptotic spectral measures 
having compact support and {Qh} , {Ph} he (0 1] : Bq(X) — > B(H) the corresponding 
positive asymptotic morphisms. We suppose that {Ah} , {Bh}he(o 1] : — > B(H) 
are asymptotically equivalent, i.e. 



lim\\A h (A)-B h (A)\\ =0,VAGS x . 



Since 



A h (A) = Q h (xA),B h (A) = P h ( X A), 
from preceding relation, we obtain 

lim||Q ft (xA)-^(XA)|| =0,VAGS x . 

Let / G S*o(X). Then there are disjoint sets (Aj)j = i >n such that / = YH=i a iXAi- 
By above relation, we have 



lim||Q fc (/)-i\(/)|| =lim 



h— >o 



h— ¥0 



a iXAi 



lim 

h^o 



^OiQhiXAi) ~ \ ^2aiP h (x Ai 



a=l 



lim 



5^«t(Q/i(XA i )--Ph(XA i )) 



i=l 



<^|Qi|lim Q h (XAi) -P h (X Ai 



t=l 



therefore 



lim||Q h (/)-P fc (/)|| =0,V/G5 (X) 
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Let / G Bq(X). Then there are functions (/n) ng N C Sq(X) such that / — > f n . Since 
Qh,Ph € B(H) and from above relation, we have 

lim \\Q h (/) - P h (/)|| = 0, V/ € Bo (X) . 

h^to 

Reciprocal. We suppose that {Qh} , {Ph} he(o 1] : ^oPO — >■ B(H) are asymptotically 
equivalent, i.e. lim fc _+ (/) - P h (/)|| = 0, V/ G £ (*) • 
Taking / = xa we have 



lim \\Ah (A) - B h (A)\\ =Hm\\Q h (xA)-P h (XA)\\ = 0,VAgX X - 

/i->0 /i->0 



□ 



Proposition 33. Let {-Ah}he(o l] ' ^ x ~^ B(H) be an asymptotic spectral measure 
having property A h (Cx) C B V/i G (0,1] and {Qh} he ( x i : 5o(X) -> B (H) the 
corresponding positive asymptotic morphism. Then 

spec (A h ) = supp (Q h ) , V/i G (0, 1] . 

Proof. Let A be an open set such that supp(Qh) n A = 0. Then 

Qh (/) = 0, V/ with supp(f) C A. 

Taking / = xa, we have Ah (A) = Q h (xa) = 0. Thus A C X\spec(Ah), for each 
open set A such that supp(Qh) n A = 0. Therefore 

spec (A h ) C supp (C^) , V/i G (0,1]. 

Reciprocal. Let A be an open set such that A C X\spec(Ah). Then Qh (xa) = 
A h (A) = 0. 

Let / G So(X) such that supp(f) C X\spec(^4/ l ). Then there are disjoin sets 
(Aj)j=i )n such that / = Ya=i a iXA l and Aj C X\spec(Ah), Vi = l,n. From the 
preceding relation, we have 

(n \ n 

^otiXA, I = 5^aiQh(XAi) = 0. 
i=l / i=l 

Let / G Bq(X) such that supp(f) C X\spec(^4/j). Then there are functions 
(/n)neN c B o( x ) such that f ^ f n and supp(f n ) C X\spec(A/j), Vra G N. From 
the preceding relation, we have Qh(f) = 0, V/ G Bq(X) such that supp(f) C 
X\spec(^4/j). Thus 

supp (C^) C spec (A h ) , V/i G (0, 1] . 

□ 
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Remark 34. Let {Ah} h( z (q y : B(H) be an asymptotic spectral measure 

having property Ah(Cx) C B Vh £ (0,1] and {<2h}/j g ( 01 ] : -Bo(X) — > B (H) the 
corresponding positive asymptotic morphism. Then {Ah} has compact support if and 
only if {Qh} has compact support. 

Proposition 35. Let {-^h}he(oi] '■ ^X B(H) be an asymptotic spectral measure 
having compact support and {Qhjhe (0 1] • Bq{X) — > B (H) the corresponding 
positive asymptotic morphism. The corresponding positive asymptotic morphism of 
asymptotic spectral measure {^4/J}/ig(o i] : ^x ~~ ^ B(H), given by A\ (6) = Ah (a Cl b) 
V6 e B and Mh € (0, 1], is {Q a h } h£{0A] ■ B -> B(H) given by 

Qh (/) = Qh (Xaf) , V/GBo (X) and V/t € (0, 1] . 

Proof. Since { j 4h}/ ie (oi] : ^x B (H) is an asymptotic spectral measure having 
compact support, by Proposition 23 follows that {^h}he(oi] : ^ x — > B(H), given 
by relation A^ (b) = Ah (a D b) for V6 € B and V/i £ (0, 1] , is an asymptotic spectral 
measure. In addition, by Remark of Proposition 24, results that {A^} has a compact 
support. 

Taking into account the following relation Xanb = XaXb-, we have 

A a h (b) = A h (aDb) = Q h (xanb) = Qh(x a Xb) = Q a h (Xb), 
Vbe B and Mh € (0, 1] . 

Let/ € Bq(C). Since {Qh} is the corresponding positive asymptotic morphism of 
asymptotic spectral measure {Ah} and having in view that 

A a h (x) = X a(x)A h (x), 

we have that 

QtU)= [ f(x)Xa(x)dA h (x) = 

Jx 



f(x)dA h (x)= I f{x)d X a{x)A h (x)= / f(x)dAUx). 
x Jx 



□ 



Remark 36. Even if {Qh} is a positive asymptotic morphism, {Qh} is not necessary 
a positive asymptotic morphism, because Q^ (1) = Qh (Xa), V/i 6 (0, 1]. 

Corollary 37. Let {A h } he{0 ,i] : S * ~> B (H) and {A a h } h&m : Z x ->■ B(H) as in 
the preceding Proposition. Then 



lim 

h^O 



[ f(x)dA a h (x) - A h (a) [ f(x)dA h (3 
Jx Jx 



0. 



v/6fl (4 
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Proof. Let {Qh}he(oi] '■ Bo(X) — > B (H) the corresponding positive asymptotic 
morphism of {A h } and {Q a h } given by Q a h (/) = Q h ( Xa f), V/ € B (X). Then 



lim 

ft-»o 



f(x)dA%(x) - A h {a) / /(x)dA h (x: 
x Jx 



lim \\Q a h (f)-A h (a)Q h (f)\\ 

ft— >Q 



= lim \\Q h (Xaf)-Qh(Xa)Q h (f)\\ =0. 
ft— HJ 

V/eB (4 □ 

Corollary 38. Lei {Qft} , {-Pftl/^o ^ : Bq(X) —¥ B {H) be two positive asymptotic 
morphisms and {Q^} , {P^Aheioi] : ~~ ^ B(H)as in Proposition 5.5. Then 
{Qh) j {^h}/ie(oi] are as y m Pt°ti ca tty equivalent if and only if {Q^}, {-Pft }/j g (o i] 
are asymptotically equivalent for any a € 5 . 

Proof. Applying Proposition 35 and Proposition 26 □ 

Theorem 39. Let {A^} h& ^ ^ : — > B(H) be an asymptotic spectral measure 
having property Ah(Cx) C V/t € (0,1] and {Qft}/i g (oi] : Bq(X) — > B (H) the 
corresponding positive asymptotic morphism. Then 

spec({A h }) = supp{{Q h }). 
Proof. Let A be an open set such that supp({Qh}) H A = 0. Then 



lim ||Q h (/)|| = 0, V/ with supp(f) C A. 

ft— 5-0 



Taking = xa, we have 

lim||A(A)|| = hm||Q,( XA )|| =0. 

ft^O ft->-0 

Thus A C X\spec({Ah}) , for each open set A such that supp({Qh}) n A = 0. 
Therefore 

spec({A h }) C 

Reciprocal. Let A be an open set such that A C X\spec(Af l ). Then 

Qh (xA) = A h (A) = 0. 

Let / € So(X) such that supp(f) C X\spec({^4fc}). Then there are disjoin sets 
(Aj)j = i in such that / = Yl?=i a iXAi and Aj C X\spec({^4/ 1 }), Vi = l,n. From the 
previous relation, we have 
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Qh (/) = Qh I X] aiXA * ) = ^2 a iQh(XAi) = o. 
\i=l / i=l 

When h — > into the prior relation, it results 

}im\\Q h (f)\\ =0, 
V/ G 5 (X) such that supp(f) C X\spec({^}). 

Let / € l?o(^0 such that supp(f) C X\spec(A/j). Then there are functions 
(/n) n6N C 5 (X) such that / -> /„, and supp(f n ) C X\spec(A h ), Vn G N. From 
the previous relation, we have 

limjQfcC/OII =0, 
ft— >o 

V/ G B (X) such that supp(f) C X\spec(,4 h ). 
Therefore 



sw({Qi}) C spec ({4/J) . 

□ 

Corollary 40. Let {Qh} , {Ph}he (0 1] : -^oPO - ► B (H) be two corresponding 
positive asymptotic morphisms having property Qh(Co(X)) C £> andP^(Co(^)) C 
B V/i G (0,1]. Then 

supp({Q h }) = supp{{P h }). 



Proof. By Theorem 39 and Theorem 21. □ 

Corollary 41. Let {Qh} , {Ph}he(oi] • ^o(X) B (H) be two corresponding 
positive asymptotic morphisms of two compact asymptotic spectral measures. Then 
{Qh} has compact support if and only if {Ph} has compact support. 

Proof. By Theorem 39 and Theorem 21. □ 

Theorem 42. Let {^4ft}/ lg (oi] : B(H) be an asymptotic spectral measure 

having compact support and {-A%} he , ^ : £x — > B(H), given by (b) = (o Pi b) 
V6 G B andVh G (0,1]. Then 



spec ({A%}) = aD spec ({A h }), V/i G (0,1] 
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Proof. We show that 

spec({A%}) QaDspec({A h }). 
By Proposition 24 we have 

spec(Al) C a n spec(A h ). 

By Remark 18 i), it follows 

spec({A a h }) C S. 

Let & be a compact set such that 6 C C\spec({Ah}) ■ Then there are open sets 
(&i)i = Tn sucn that 6 C Ur=i c ( C\spec({ J 4/ l }) and it results 

lim \\A h (bi)\\ = 0. 
ft— >o 

Since each Ah is additive, we have 

(n \ n 
i=l / i=l 

When /i — >• 0, it follows 

n 

lim || A (6)11 <^lim ||A(^)|| =0. 



h->0 ^-^ 
i=l 



How 



lim || (6)|| = lim ||^ (an 6)|| < 

h— >0 h— >>0 
n n 

<V lim ||A h (on6i)|| =V lim 11^(0)^(^)11 < 

* — ' h—>0 £ — ' 
i=l i=l 

n 

<V lim \\A h (bi)\\ =0, 

z — ' /i-s-0 
i=l 

it results 6 C C\spec ({A^}) for each compact set 6 such that 6 C C\spec({Ah}) ■ 
Therefore 

spec({A a h }) C spec ({A ft }) 
(by regularity of measures A^). 

Reciprocal. Let {Qhjhe (oil • — ► B (H) be the corresponding positive 
asymptotic morphism of {A^}. We show 
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supp ({Q a h }) 5 a n supp {{Q h }) , 
where {Q£}he(o,i] : B o ~+ B ( H ) is § iven b y 

Qt(f) = Qh (Xaf). 

Let a be a set such that ofl supp ({Qh}) C F. Let / G -Bq PQ such that supp (/) C 

Then supp (/) f| -F = and thus lim h _>o (/)|| = 0. 
Let {Q a h } h£ (Q x] : B -> given by 

<2£ (/) = Qh(Xa/), V/ G B (X) and Vfc G (0, 1]. 

The, form the previous relation and since lim/^o \\Qh (Xa)\\ — L we have 
lim||Q£(/)|| =lim ||Q ft ( X a/)|| < j}m \\Q h (Xa) Qk (f)\\ < 

h-¥0 h-¥0 

< Jim \\Q h (xa)|| Jim \\Q h (f)\\ < lim \\Q h (f)\\ = 0, 

/V G So (X) such that supp (f) C Thus c supp ({Q a h }) C F. 

By Theorem 39 we have 

spec({A h }) = supp({Q h }), 

thus 

a n apec({A h }) C spec ({A a h }) . 

□ 
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